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The authors study the performance of M-ary phase-shift keying
(MPSK) modulation with imperfect carrier phase recovery in scenarios
experiencing severe fading conditions. Specifically, MPSK is analysed
over k-j¢ Extreme fading channels assuming a Gaussian-distributed
noisy phase. For the theoretical framework, they derive the analytical
expressions for the upper bound on the average symbol error proba-
bility, as well as their corresponding asymptotic behaviour in the high
signal-to-noise ratio (SNR) regime. The derived expressions are valid
for arbitrary values of the fading parameter m, and Monte Carlo simu-
lations are provided to verify the accuracy of the proposed mathematical
analysis. Furthermore, the authors discuss how the channel parameter
and phase variance affect the system performance for a wide range of
SNR values.

Introduction: The technical literature commonly assumes that, at the re-
ceiver side, it is feasible to faithfully reproduce the transmitted carrier
leading to an ideal coherent detection [1]. However, this assumption is
usually unsound in more realistic scenarios because of inherent channel
disturbances which results in an imperfect phase estimation problem.
The mismatch phase is generally assumed to be Tikhonov or Gaussian
distributed [1]. For instance, in [2] a Gaussian distribution is assumed
for the phase error of decision-aided maximum likelihood carrier phase
estimation in coherent optical phase-modulated systems. Classical text-
books have thoroughly studied the impact of the phase error under a pure
additive white Gaussian noise (AWGN) channel. Other published works
deal with the performance of systems over different short-term fading
channels and AWGN. In the last decade, some authors have approached
the performance of binary phase-shift keying (BPSK) and quadrature
phase-shift keying (QPSK) modulations over fading channels and im-
perfect phase recovery (e.g. Rayleigh and Nakagami-m [3, 4]) . How-
ever, a more realistic approach should jointly consider the undesirable
effects of fading and imperfect phase estimation degrading the informa-
tion beam for M-ary modulations. The authors of [S] have proposed a
mathematically tractable solution capable of modelling the degradation
imposed on MPSK modulation by fading and Tikhonov phase error, but
not the Gaussian one. Very recently, an approximate expression for the
average BER under MPSK modulation in a Nakagami-m fading chan-
nel where the variance of the Tikhonov phase noise is dependent on the
signal-to-noise ratio (SNR), was obtained in [6]. To the best of the au-
thors’ knowledge, the literature lacks an approach to deal with the M-ary
modulation over channel fading and Gaussian-distributed phase error.
One remarkable fading model that is able to characterize mobile radio
propagation under harsh channel conditions, including those one might
experience within enclosed environments, is the « - Extreme fading [7].
The k- Extreme distribution is able to model a scenario with very
strong line-of-sight components, but scarce multi-paths, with a given
constant fading parameter. Recently, in [8] the performance of energy
detection over x-u Extreme fading was analysed in the context of spec-
trum sensing in cognitive radio networks. Also, some closed-form ex-
pressions of the generalized moment generating function were derived
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in [9]. The x-p Extreme model has shown to be an excellent fit with
real field measurements. For instance, a channel characterization for ve-
hicular traffic on interpersonal wearable-to-wearable (W2W) commu-
nications at 2.45 GHz has been reported in [10] . It has revealed the
improved fit that the k- Extreme distribution offers compared with the
k- distribution when used to model the W2W channel in this fading en-
vironment. The authors of [11] empirically investigated the pedestrian-
to-vehicle (P2V) communications channel at 5.8 GHz for the case of a
moving vehicle when a person positioned by the edge of the road was
either stationary or walking parallel to the side of the highway. Due to
the often-severe small-scale fading that is observed in the P2V channel,
the k- Extreme distribution has been used in [11] with considerable
success.

This paper aims to investigate the performance of MPSK partially
coherent receiver-based (i.e. imperfect carrier phase recovery) systems
over fading channels in terms of the average symbol error rate (ASER).
In particular, the present contribution partially fills the gap in the ex-
isting literature by deriving an analytical expression for calculating the
probability of errors in MPSK-based systems under the influence of the
k-u Extreme fading distribution and Gaussian-distributed phase error.

The k- extreme fading model and the phase error model: The k-p
distribution describes a small-scale variation of the fading signal under
dominant components and multiple clusters of multi-path waves. The ra-
tio of the total power of the dominant components to the total power of
the scattered waves is given by k > 0, whereas the parameter © > 0 is
related to the number of multi-path clusters. The x-u Extreme is a spe-
cial case of the x-p which can be obtained by keeping a fixed amount of
fading m = (1 4 «)?/(1 4 2k) and allowing ¥ — oo (indicating very
strong dominant components) and p — 0 (indicating very few multi-
paths). One important observation must be made here: In contrast with
the x-p model that is a two-fading-parameter (k and ) distribution, the
k- Extreme model is a one-fading-parameter (m) distribution, and the
condition of a fixed amount of fading m must hold. Given these condi-
tions, the k- Extreme PDF can be written as [7]

2ml, (4m1/y /;7)
Vv v exp @m(y /7 + 1))

where /) () is the modified Bessel function of the first kind of first or-
der [12], 7 is the average SNR per bit, and Y is the instantaneous SNR
per bit of a received signal as a function of the faded envelope R de-
fined as Y £ R?E, /Ny, with E,/N, being the average energy per bit to
the unilateral noise power spectral density ratio. The parameter  can be
expressed as a function of E, /N, as 7 = #*Ey /Ny, or in a similar way as
T = p(R/#)?, with # = \/E(R?) and E(-) denoting the expectation oper-
ator. The Dirac delta function is denoted as §(-) and m > 0 is the inverse
of the normalized variance of the power.

The PDF of the phase error ¢ can be considered in various forms.
It is well known that the phase error distribution due to PLL can be
modelled as Tikhonov or Gaussian PDF. The phase error variable ® with
PDF f4(¢) is assumed to be Gaussian distributed with zero mean and
variance o2, However, when the normalized loop SNR PLL parameter p
is large, that is, p >> 1, the Tikhonov PDF approximates to a Gaussian
distribution with zero mean and variance o'2. In this case, p = 1/02 [13]
which means that the deduced expressions also apply for the Tikhonov
model, but in an approximate form.

fr(y) =

+ exp(=2m)8(y), (M

Performance analysis: The symbol error probability conditioned by the
phase error can be estimated as follows. First, let us assume that all A/
equally likely symbols of the constellation have the same energy Es so
that we can define the M symbols as s; = /Ese/>™/M i={1,..., M}.
Without loss of generality, let sy, 55, and s, be the transmitted symbol
and the two closest neighbour symbols to s; in a hypothetical MPSK
constellation, respectively, as shown pictorially in Figure 1. Let us also
consider that the dashed lines are the boundaries of the decision region
corresponding to sy, and that §; denotes the received symbol conditioned
to phase error ¢p. We will proceed similarly with the classical union
bound approach for the symbol error probability. However, a subtle dif-
ference is due: we are working with the minimum distance between §,
and the dotted lines (represented by d, and d}), in Figure 1), while the
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Fig. 1 Excerpt from an MPSK constellation under a carrier mismatch phase

union bound applies the average distance between two adjacent sym-
bols. Because the minimum distances between §; and the dashed lines
are given by d, = «/E; sin(w /M — ¢) and dyy; = /Es sin(w /M + ¢),
the symbol error probability conditioned to ¢ can be found as

P(E., ¢) < 0.5erfe ( JE,/No sin(r /M + ¢))

+ 0.5erfc (,/ES /Ny sin(z /M — ¢)>. @)

From (2), one can state that the actual symbol error probability of
a given scenario will be equal to or smaller than that predicted by the
bound. It is important to note that this analysis considers twice the grey
area of Figure 1, and therefore, it is an upper limit on the ASER. The
higher the value of M (i.e. a smaller angle between the symbols and,
therefore, a smaller area of intersection between the probabilities calcu-
lated by (2)), the more exact (2) will be.

Because the PDF of & is an even function, it can be shown that the
PDF of sin(r /M + ¢) is the same as sin(77 /M — ¢). Then, the uncondi-
tional average symbol error probability P; is given by

o0
PE)= [ etfo(VENosinGr p£0) fol@Ms. ()
—00
The erfc function can be represented mathematically by a more
tractable expression according to the format given by [4]
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where | Fi(+; -; -) and I'(+) are the confluent hypergeometric and Gamma
functions [12], respectively.

Using (3), the effect of the flat fading can be included as follows. The
received symbol energy is proportional to the instantaneous SNR per
bit, that is, £s/Ny = y log, M. Hence, plugging E into (3), using (4),
and removing the dependency of the fading y, we have
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There are two integrals in (5) due to the statistical independence of
phase error and fading processes, as well established in the technical
literature [3, 5]. The first integral denoted by 7, is related to fading
y, and the second one denoted by Z, is related to phase error ¢. Tak-
ing only the ¢-dependent terms and using cos(a + b) = cos(a) cos(b) —
sin(a) sin(b), after some mathematical manipulations and solving the in-
tegral for Gaussian error phase, we obtain

2
Iy =(—1)"sin <$) exp [—%(2" + 1)2i|~ ©)

Plugging the «-p Extreme fading PDF (1) into (5) and taking only
y-dependent terms, we obtain

~ 1F| (n—i—%; 2n+2; —ylogzM)I] (4m\/§)dy
T,=
7 ./o y " exp ((2my)/7)

@)

To evaluate the integral in (7), we first rewrite the modified
Bessel function using [12, eq. (8.445)], that is, I,(4m/y/y) =

S o@my/y /9 /(I'T (I + 2)). Then, relying on the previous equa-
tion and with the aid of [12, 7.621.4], the integral Z, becomes

; i T +n+3/2) (4m2\ 12 P It 3
v “ 1IN +2) P 2m + 7 log, M
3 3 7 log, M
F =1 = 2n+ 2 ———— |, 8
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where »Fi (-, -; -; -) is the hypergeometric functions [12]. By replacing

the integrals in (5) with their appropriate solutions, (6) and (8), the upper
limit of the ASER is found as
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Notice that the exponential term is added to (9). We can justify its
inclusion as follows. The x-u Extreme model predicts a non-nil proba-
bility of null signals, that is, a probability of exp(—2m) for y = 0, due to
the impulse present in its PDF. So, when y = 0, for equiprobable sym-
bols, the probability of an erroneous decision will be 1 — 1/M. However,
when it is used in (2) to calculate the upper limit of symbol errors in
this condition, that is, y = E; = 0, we obtain Ps(Es, ¢) = 1. Therefore,
a method to improve the ASER estimate is to correct this difference in a
weighted way, that is, (1 — (1 — 1/M)) exp(—2m) = exp(—2m)/M.

Asymptotic ASER: In order to illustrate the impact of key parameters
into the system performance, a scenario in the high-SNR regime is anal-
ysed to assess the asymptotic behaviour of the error probability. The ex-
pression of P given by (9) covers the entire fading PDF, that is to say, the
continuous part along with the discrete element. However, if we assume
an SNR sufficiently high, the continuous part of the fading PDF and the
AWGN contribution in ASER become negligible, such that only the dis-
crete element of the PDF and the phase error can impact the system per-
formance. Accordingly, there is the probability of exp(—2m) for that the
received signal has average energy equal to zero, and, consequently, any
criteria adopted to estimate the received symbol will lead to an ASER of
(M — 1)/M. On the other hand, with the probability of (1 — exp(—2m)),
the received signal does not have null energy. In this case, the unique
performance-degrading effect is the phase error ®. Hence, we can esti-
mate an ASER floor using a modification of [5, eq. (17)] as

M-—1

P = ——— + (1 — exp(—2m))erfc (

ST Mexp(2m) (10)

o)
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Numerical results: In this section, we use numerical results to exam-
ine in detail the influence of the main system parameters into its perfor-
mance. The theoretical calculation of ASER was done with the aid of (9),
for fading channels, and (3), for the non-fading ones. The Monte Carlo
simulations corroborate the proposed theoretical expressions. In all fig-
ures, 7 = 1 and, consequently the average SNR is = E,/Ny. In addi-
tion, the cases of fading and non-fading (pure AWGN) channels with
ideal coherent detection (0> = 0) used as reference curves, are shown
for comparison.

In Figure 2(a), the theoretical symbol error probability (lines) and
the one obtained through Monte Carlo simulations (symbols) are plotted
against the average SNR per bit in the presence of Gaussian-distributed
phase noise for the BPSK modulation. The fading parameter m varies
as {1;2.5; 4} for different values of the error phase variance o> = 0.2
(dashed line), 0> = 0.1 (solid line), and o> = 0 (dotted line). The plots
show the degradation in the ASER caused by the combination of fad-
ing and carrier phase error. As expected, the theoretical curves are upper
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Fig. 2 ASER of (a) BPSK, (b) QPSK, and (c) 8PSK

limits of the exact values of the ASER. It can be observed that for the
BPSK modulation, these upper limits do not provide tight bounds. No-
tice that the lower the value of M, for instance M = 2 for BPSK, the
greater the angle between the symbols and, therefore, a greater inter-
section area, as highlighted in the grey area of Figure 1. As a conse-
quence, the values of the actual ASER and the ones predicted by the
bound will be more distant. Although these bounds are often very loose
for low SNR values, it becomes tighter as the SNR increases. Never-
theless, the irreducible error probability given by (10) is in excellent
agreement with the simulation results, which shows the correctness of
our asymptotic formulation. For instance, when m = 1 and 2 = 0.1,
m=2.5and 6> =0.1, and m = 4 and ¢ = 0.1, the irreducible error
probabilities are 0.0676682, 0.00336965, and 0.00016841, respectively,
as highlighted in Figure 2(a). The increase of the fading parameter m
improves the ASER performance. Most importantly, the curves show
that, in not-so-severe fading conditions (m = 4), the error probability
decreases significantly, when the parameter o decreases.

To assess the impact of the fading parameter m and the error phase
variance o2 in QPSK- and 8PSK-based systems, Figure 2(b) and Fig-
ure 2(c), respectively, show the theoretical and estimated ASER. In both
figures, the fading parameter m varies as {1; 2.5} for different values of
the error phase variance o> = 0.2 (dashed line), 2 = 0.1 (solid line),
and o2 = 0 (dotted line). Note the excellent agreement between sim-
ulated and theoretical curves indicating the usefulness and correctness
of the derived analytical expression. For the fading case, when o = 0
(ideal detection), the ASER tends to be low. We note in the high-SNR
regime, a flooring also known as the symbol error floor, which is due
to the combined effects of fading and thermal noise. As the value of o2
increases, the performance degrades resulting in higher ASER. More-
over, it is evident that there is saturation in the probability of error with
the increase in the average SNR. Clearly, as the average SNR tends to-
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wards infinity, the thermal noise component ceases to alter the ASER.
Hence, the irreducible error probability is due to the imperfect carrier
phase recovery and the impulse present in the fading PDF. This be-
haviour is predicted by (10). For example, when m = 2.5 and 6> = 0.1,
we have 0.0179703 and 0.218753 for the unchanging error probabil-
ity, as highlighted in Figure 2(b) and Figure 2(c), respectively. It is
clear from these results and (10) that the system performance degrada-
tion is more severe in high-order systems, owing to the imperfect phase
recovery.
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